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Abstract A mathematical model was developed to de-
scribe the performance of nanoparticulate mixed oxide
pseudocapacitors based on RuO2–MO2 (M being another
suitable transition metal) under galvanostatic charge/
discharge regime. Both double layer and faradaic processes
were taken into account. The effects of the active material’s
particle size and composition were examined. Furthermore,
the influence of discharge current on the extents of double
layer and faradaic contributions was analyzed. The model
analysis showed that the energy density declined upon
increasing the volume fraction of larger particles.
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Nomenclature

A geometric area of the electrode (cm2)
Cdl DL capacitance per unit surface area (F cm–2)
Ctot total available charge per electrode area (C cm−2)
dRu diameter of the RuO2·xH2O particles (cm)
dM diameter of the MO2·yH2O particles (cm)
E local electrode potential, 82−81 (V)

E0 initial local electrode potential (V)
f F

RT (V−1)
F Faraday’s constant (96,487 C/equiv)
hRu length of crystal lattice on the RuO2·xH2O

surface (cm)
hM length of crystal lattice on the MO2·yH2O surface

(cm)
i0, Ru exchange current density for the faradaic reaction

of RuO2·xH2O (A cm−2)
i0, M exchange current density for the faradaic reaction

of MO2·yH2O (A cm−2)
i1 superficial current density in the matrix phase

(A cm−2)
i2 superficial current density in the electrolyte phase

(A cm−2)
iC DL current per unit volume of electrode (A cm−3)
icell cell current density (A cm−2)
Icell cell current (A)
if faradaic current per unit volume of electrode

(A cm−3)
jf, Ru faradaic current density of RuO2·xH2O (A cm−2)
jf, M faradaic current density of MO2·yH2O (A cm−2)
ic dimensionless DL current (icL/icell)
icell dimensionless cell current icellL kP þ sð Þ=kPsV0Þð
if dimensionless faradaic current ifL=icellÞð
L thickness of the electrode, L=L+=L− (cm)
LA Avogadro’s number (6.0226×1023 mol−1)
LS thickness of the separator (cm)
Qf faradaic charge per unit volume of the electrode

(C cm−3)
Qf, oxd faradaic charge per unit volume of the fully

oxidized electrode (C cm−3)
Qf, red faradaic charge per unit volume of the fully

reduced electrode (C cm−3)
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R universal gas constant (8.3143 J mol−1 K−1)
RAV relative available charge
SV specific surface area per unit volume of the

electrode (cm2/cm3)
SV, Ru contribution of RuO2·xH2O in SV (cm2/cm3)
SV, M contribution of MO2·yH2O in SV (cm2/cm3)
t time (s)
td discharge time (s)
T temperature (K)
URu equilibrium potential for the faradaic reaction of

RuO2·xH2O (V) [vs. SCE]
UM equilibrium potential for the faradaic reaction of

MO2·yH2O (V) [vs. SCE]
Vcell volume of the cell (cm3)
V0 initial potential before charge (0.5 V) [vs. SCE]
x position coordinate (cm)
XM volume fraction of MO2·yH2O in the electrode

Greek

αa, Ru anodic transfer coefficient of the faradaic reaction
of RuO2·xH2O

αa, M anodic transfer coefficient of the faradaic reaction
of MO2·yH2O

αc, Ru cathodic transfer coefficient of the faradaic reaction
of RuO2·xH2O

αc, M cathodic transfer coefficient of the faradaic reaction
of MO2·yH2O

δRu state of charge of RuO2·xH2O
δM state of charge of MO2·yH2O
ɛ electrode’s porosity
ɛS separator’s porosity
81 potential in the solid matrix phase (V)
82 potential in the electrolyte phase (V)
8ave average cell potential (V)
Φcell cell potential or the matrix potential difference

between the two current collectors (V)
6cell dimensionless cell potential Φcell

2V0

� �
k0 Ionic conductivity of the bulk electrolyte (S cm−1)
kp ionic conductivity of the electrolyte inside the

pores of the electrode (S cm−1)
kS ionic conductivity of the electrolyte inside the

pores of the separator (S cm−1)
θ fraction of oxidized species in the faradaic

reaction
θRu fraction of oxidized form of RuO2·xH2O in the

faradaic reaction
θM fraction of oxidized form of MO2·yH2O in the

faradaic reaction
σ electronic conductivity of the solid matrix phase

(S cm−1)

t DL time constant (s)
ξ dimensionless position coordinate x

L

� �

Introduction

Supercapacitors are receiving increasing attention due to
their higher energy and power densities compared to
capacitors and batteries, respectively [1]. Supercapacitors rely
on two mechanisms for the accumulation of energy, double
layer charging and faradaic processes. Many transition metal
oxides, RuO2 [2–6], MnO2 [7–10], CoOx [11, 12], NiOx [12,
13], and IrOx [14], of high surface areas have been employed
as the active materials, while RuO2 has received most
attention. However, because it is expensive and poisonous,
a number of attempts have been made to at least partially
substitute RuO2 with other transition metals, such as TiO2–
RuO2 [14], NiO–RuO2 [15], RuO2–SnO2 [16], or CrOx–
RuO2 [17]. Furthermore, composites containing two metal
oxides/hydroxides [18–23], metal oxides and carbonaceous
materials [24–26], and metal oxides and conducting polymers
[27–28] to modify the electrochemical and structural proper-
ties of metal oxides have been reported. However, no model
has been developed to explain or rationalize the performance
of mixed oxide-based supercapacitors. As for single oxide
(and in mixture with active carbon), Lin et al. [29, 30] have
developed a model that considers both double layer and
faradaic contributions. Their model was analyzed theoretical-
ly by the present authors, and factors influencing the perfor-
mance of supercapacitors are categorized in three classes
[31]. Furthermore, the model has been further improved in
the light of the packing and concentrated solution theories
[32, 33]. Kim and Popov [34] have added the contribution of
proton diffusion in and out of the lattice structure in the
charge/discharge processes. To the best of our knowledge no
mathematical model has been developed to rationalize the
performance of mixed oxide based pseudocapacitors.

The purpose of the present work is to develop a model to
rationalize the performance of a model mixed oxide super-
capacitor considering both double layer and faradaic con-
tributions. The influences of three classes of factors, structural
(particle or crystal size, and composition), intrinsic (unit cell
lengths and exchange current densities), and operating (cell
current) factors, on the performance of model mixed oxide
supercapacitor have been analyzed. At this early stage of
model development, we have also made the following
assumptions: (1) The diffusion of proton into the lattice
structures accompanying redox processes have been ignored.
(2) The concentration distribution of electrolyte in the pore
structure of the active materials has been ignored. (3) Each
metal oxide individually shows faradaic capacitance. (4)
Temperature is constant and set at room temperature. (5)
There are no side chemical/electrochemical reactions.
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Materials and methods

Model description

Figure 1 schematically presents a model supercapacitor
with the electrodes based on RuO2·xH2O and MO2·yH2O
mixtures placed in 30% sulfuric acid solution and separated
by a porous glass separator. The redox processes in the
charge/discharge processes of the capacitor at the positive
electrode are

H0:8RuO2:xH2O
Charge�! �Discharge H0:8�dRuRuO2:xH2O

þ dRuH
þ þ dRue

�

ð1Þ

HwMO2:yH2O
Charge�! �Discharge Hw�dMMO2:yH2O

þ dMH
þ þ dMe

�

ð2Þ

with the reverse processes occurring on the negative
electrode. Equations 1 and 2 show the faradaic reactions that
take place on the surfaces of hydrated RuO2 and MO2

particles, respectively. The 0.8 indices are the amount of
hydrogen inserted into RuO2 and comes from Jow and
Zheng’s [3] work. δRu, the state of charge of RuO2, is the
number of proton transferred during charge/discharge process

where Jow and Zheng [3] showed it is equal to 0.5 in the
range of 0 to 1 V SCE. There are no experimental results for
other metal oxides, but to generalize our model, we consider
w and δM for the hydrogen inserted amount and the state of
charge of MO2, respectively. This assumption surely does
not decisively influence the modeling and can be replaced by
the experimental data when these become available.

In this study, it is assumed that both oxides are non-
porous spherical particles with uniform size distribution but
not necessarily of the same size. The packing theory [31,
33] is used to work out the porosity, ɛ, in packs of two
differently sized spherical particles. The surface area per
unit volume of the system, SV, is then:

SV ¼ 6 1� "ð Þ 1� XM

dRu
þ XM

dM

� �
ð3Þ

or simply

SV ¼ SV;Ru þ SV;M ð4Þ
where dRu and dM are the diameters of the Ru and M oxide
particles, respectively, and XM is the volume fraction of
HwMO2·yH2O. SV, Ru and SV, M refer to the specific surface
area per unit volume contributed by Ru and M oxides,
respectively. In line with the packing theory, volume fractions
(instead of mole fraction) had to be employed. Because both
metal oxides participate in charge transfer reaction, we use SV
as the total specific surface area of unit volume for both
double layer charging and faradaic processes.

Governing equations

There are two paths for current passage: the metal oxides
matrix, i1, and the electrolyte phase, i2 [35]. To derive the
variation of the cell potential with time, the amount of
charge accumulated, and the energy stored in the capacitor
as the functions of the mentioned parameters, we start with
the general equation:

@i2
@x
¼ SVCdl

@ 82 � 81ð Þ
@t

� �
þ SV;Ru jf ;Ru þ SV;M jf ;M ð5Þ

where i2 is the projected superficial current density to the
electrode surface, Cdl is the double layer capacitance, 81 and
82 are potentials in the electrode and electrolyte, respectively,
and x is position coordinate. It is clear that 82 is zero at x=0,
the surface of current collector. jf, Ru and jf, M are the faradaic
current contributions of Ru and M oxides, respectively, and
are derived from the Butler–Volmer equation [36]:

jf ;Ru ¼ i0;Ru exp aa;Ruf E � URuð Þ� �� exp �ac;Ruf E � URuð Þ� �	 

ð6Þ

jf ;M ¼ i0;M exp aa;Mf E � UMð Þ� �� exp �ac;Mf E � UMð Þ� �	 

ð7Þ

Fig. 1 Schematic presentation of a mixed oxide pseudocapacitor cell
in which its composite electrodes contain solid spherical nanoparticles
of two different types of metal oxides
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where i0, Ru and i0, M are the exchange current densities of
the related faradaic reactions, f ¼ F

RT , F is Faraday’s
constant, R is universal gas constant, T is the absolute
temperature, and αa and αc are the anodic and cathodic
transfer coefficients for the reactions, respectively. E, the
local electrode potential, is E ¼ ϕ2 � ϕ1. URu and UM are
the equilibrium potentials for reactions 1 and 2, respective-
ly. The fraction of the oxidized surface and the charge are
intimately related through:

q ¼ Qf � Qf ;red

Qf ;oxd � Qf ;red
ð8Þ

where Qf,ord and Qf,red are the faradaic charges accumulated
per unit volume of the electrode at the complete oxidized
and reduced states and Qf is the faradaic charge on the
electrode. Qf, red is assumed zero, and one has:

Qf ; oxd ¼ 6 1� "ð ÞF
LA

1� XM

dRu
:
dRu
h2Ru
þ XM

dM
:
dM
h2M

� �
ð9Þ

where LA is the Avogadro number, hRu and hM are the unit
cell lengths of Ru and M oxides, respectively, that in a
sense signify the upper limit of the surface charge density.
This equation also points to the contributions of Ru and M
oxides in charge accumulation. In terms of θ, one then has:

q ¼ 1� XMð ÞqRu þ XMqM ð10Þ
where θRu and θM are oxidize fraction of Ru and M oxides,
respectively. On the other hand,

@Qf

@t
¼ SV;Rujf ;Ru þ SV;M jf ;M ð11Þ

which relates the extent of charge accumulation to the
faradaic currents. Using Eqs. 8 to 11, we arrive at:

@qRu
@t
¼ LAh2Ru

dRuF
jf ;Ru ð12Þ

@qM
@t
¼ LAh2M

dMF
jf ;M ð13Þ

@q
@t
¼ 1� XMð Þ @qRu

@t
þ XM

@qM
@t

ð14Þ

Jow and Zheng [3] have shown experimentally that, for
positive electrode, θRu and URu are linearly related through:

URu ¼ 0:5 1þ q Ruð Þ ð15Þ
For the positive electrode and, similarly, for the negative

electrode, one has:

URu ¼ 0:5q Ru ð16Þ
There are similar relations for the other oxide, namely:

UM ¼ 0:5 1þ qMð Þ ð17Þ
UM ¼ 0:5qM ð18Þ

for both the positive and negative electrodes, respectively.
These equations show the linear relation between oxidize
fractions and potential and, consequently, the amount of
charge transferred (the state of charges). In fact, this linear
relation gives rise to a rectangular-shaped cyclic voltammo-
gram for pseudocapacitors. The difference between Ru and
M oxides is in relation between their state of charge and their
oxidized fraction of the active materials. At the same
oxidized fraction, the larger the state of charge, the higher
the capacity. Therefore, it is conceivable that the M oxide has
a lower state of charge value compared to RuO2 in fully a
oxidize state. Jow and Zheng showed that the relation
between the state of charge and oxidized fraction of RuO2 is:

dRu ¼ 0:5qRu ð19Þ
It means that, for two molecules of RuO2, only one H+

ion is adsorbed. For M oxide, similarly,

dM ¼ wqM ð20Þ
Because of the lower capacity of M oxide compared to

RuO2, we expect ω<0.5.
Assuming that the Ohm’s law is obeyed in both the

electrode and electrolyte, one has:

i1 ¼ �seff
@81

@x
ð21Þ

i2 ¼ �kp
@82

@x
ð22Þ

with σeff and κp being specific conductivities of the
electrode matrix and the electrolyte inside the pores,
respectively. κp can be calculated by κp=κ0ɛ

1.5 [35]. The
conservation of charge:

@i1
@x
þ @i2

@x
¼ 0 ð23Þ

along with Eqs. 5, 21, and 22 give rise to

@2E

@x2
¼ t

@E

@t
þ L2

E0

1

seff
þ 1

kp

� �

� SV;Ru jf ;Ru þ SV;M jf ;M
� � ð24Þ

where t being the time constant of double layer capacitance
charging and is of the form:

t ¼ L2
1

seff
þ 1

kp

� �
SVCdl ð25Þ

In this equation, L is the thickness of one electrode (L=
L+=L−), and ξ is the reduced distance variable as defined by

x ¼ x

L
ð26Þ
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Hereafter, the notation “–” shows the dimensionless
quantities. Assuming no electronic conductivity for the
separator:

i1 ¼ 0 ð27Þ
and

@i2
@x
¼ 0 ð28Þ

with

i2 ¼ �ks
@82

@x
ð29Þ

where κs is the ionic conductivity of electrolyte inside the
pores of the separator given by κs=κ0ɛ

1.5 [35]. To solve
the partial differential equation, the following boundary
conditions:

at x ¼ 1; t > 0
@E

@x
¼ � icellL

E0seff
ð30Þ

at x ¼ 0; t > 0
@E

@x
¼ � icellL

E0kp
ð31Þ

@qRu
@x
¼ 0

@qM
@x
¼ 0 ð32Þ

and the initial values:

at t ¼ 0 for charging; E ¼ V0; qRu ¼ 0; qM ¼ 0 ð33Þ

at t ¼ 0 for discharging;

E ¼ 2V0; qRu ¼ 1; qM ¼ 1
ð34Þ

are imposed. V0=0.5 V/SCE for the cell operating between 0
and 1, volt has been assumed. Similar initial and boundary
values can be set for the negative electrode. However, as we
deal with symmetric cells, the modeling of the positive
electrode is carried out only. Using dimensionless potential
as defined by 82 ¼ 82

E0
where E0=2 V0; Eq. 24 simplified to:

@282

@x2
þ 1

1þ kp

seff

� � @2E

@x2
¼ 0 ð35Þ

with the boundary conditions:

at x ¼ 0; t > 0;82 ¼ 0 ð36Þ

at x ¼ 1; t > 0;
@82

@x
¼ icellL

E0kp
ð37Þ

and the initial value:

at t ¼ 0; 82 ¼ 0 ð38Þ

The dimensionless potential difference across the termi-
nals of the supercapacitor or dimensionless cell potential,
Φcell, is given by:

6cell ¼ 2 E
��
x¼0�V 0

h i
� 2 82jx¼1�82jx¼0

h i
� icellLS

E0kS
ð39Þ

and the double layer and faradaic contributions to the cell’s
current are:

iC ¼ �SVCdl
@E

@t
ð40Þ

if ¼ � SV;Ru jf ;Ru þ SV;M jf ;M
� � ð41Þ

Another quantity of interest is the relative available
charge, RAC, defined as:

RAC ¼ icellt

Ctotal
ð42Þ

where Ctotal is the total charge accumulated per unit area of
the electrode and can be attained through:

Ctotal ¼ L
SV;RudRuF

h2RuLA
þ SV;MdMF

h2MLA
þ CdlSV E0 � V0ð Þ

� �
x¼1
ð43Þ

We have employed backward finite difference method
through BAND( j ) algorithm [35] in a MatLab environment
[37] and linearized the exponential term basically similar to
the method used by Lin et al. [29] to solve differential
equations 35 and 24. One hundred and three spaces and
4,001 time slots have been used [31], and it was observed
that no further improvements were observed upon any
increase in the number of space and time slots.

Results and discussion

In this work, we study the effect of nanoparticle size on the
performance of the supercapacitor. Therefore, we assumed
the same i0 and h values for both metal oxides. It means
that we consider one type of active spherical material of
two different nanoparticle sizes, i.e., M≡Ru. In fact, this
special case can help us to have a better picture of the effect
of particle size distribution on the performance of the
supercapacitor. The porosity and, therefore, the specific
surface area of mixtures of two spherical nanoparticles will
then be a function of both the ratio of the diameters of their
constituents as well as their composition, Fig. 2a and b. The
porosity values have been calculated through the packing
theory, and it passes through a minimum with increasing
the volume fraction of M oxide that itself depends to the
ratio of dM

dRu
[32]. Furthermore, SV increases as the volume

fraction of smaller nanoparticles is raised.
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Figures 3 and 4 presents the discharge characteristics of
two series of capacitors where the only difference is the dM

dRu
ratios, which are 0.33 and 2, respectively. Table 1 shows the
numerical values of model parameters that are used in this
simulation. As these figures show discharge time increases
as the volume fraction of smaller nanoparticles is increased.
This is because of their larger surface area of unit volume,
SV, and thus their larger available charge. Removing of a
larger amount of charge obviously takes longer time when
starting with the same state of charge.

In Figs. 3a,b and 4a,b, a dramatic slope change that
signifies the change in the mechanism of discharge has
been observed at the early stages of discharge. The region
that the change occurs certainly depends on the cell current
and shifts to lower cell potential as the cell current
increases. This points to the larger overpotentials encoun-

tered when higher currents are drawn. Another significant
characteristic is the dependency of slopes on the composi-
tion, which runs in opposite direction. In both capacitor
series, the region of slope change shifts to lower potentials
(higher potential drops) as the contribution of larger
particles increase. The potential fall at the initial discharge
times has two origins: ohmic drop (the third term on the
right hand side of Eq. 39) and faradaic kinetics resistance
[29, 31]. According to Eq. 39, it is expected that the ohmic
drop increases as higher currents are withdrawn. Further-
more, decreasing the particles size the ohmic drop
decreases because the contact areas have been increased.
When the electrochemistry (faradaic reaction) cannot
provide the necessary charge (per unit time) to furnish the
current cell, the kinetic resistance will be determined. In the
present case, when the contribution of smaller particles in-
creases, the total number of active sites and, consequently,
the total available charge increase too. The higher the total

Fig. 3 Discharge curves for a set of pseudocapacitors consisting of 5-
and 15-nm RuO2 nanoparticles with i0 ¼ 1� 10�5A cm�2 and h=0.4
nm at a 0.05 A and b 0.5 A. XM shows the volume fraction of 5-nm
particles

Fig. 2 The profile of porosity (a) and specific surface area per unit
volume of the electrode (b) vs. volume fraction of MO2 via packing
theory. The MO2 nanoparticles have different sizes as shown in the
legend, while the size of RuO2 nanoparticles is fixed at 15 nm
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available charge, the lower the kinetic resistance. Table 2
presents the total amount of the charge stored in the
capacitor and extracted until the cell potential drops to zero
for the active material having XM fraction of MO2 with dM
of 30 and 5 nm as derived through Eq. 43. The total
accessible amount of charge is certainly independent of cell
current. In general, the results indicate that the total
available charge increases as the contribution of smaller
particles increases, which is in line with the expectations.
Figure 5 presents the changes of the available charge, icellt,
with the composition of electrode (volume fraction of one
of the uniformly sized constituents) for a set of super-
capacitor consisting of 5- and 15-nm-sized RuO2·xH2O
nanoparticles at various cell’s current. Figure 6 presents the
same data for a supercapacitor consisting of 15- and 30-nm-
sized RuO2·xH2O particles. In all cases, the amount of the
available charge decreases upon increasing the cell current,

and the trend reported in Table 2 is reproduced. Further-
more, it is observed that increasing the content of larger
particles diminishes the extent of the available charge that is
in perfect agreement with the arguments on the effects of
surface area and porosity. It seems that, in some cases, there
is not much charge available to be withdrawn and,
sometimes, although the charge is on the surface, the
electrochemistry is not fast enough to make it available to
the demand.

To examine how potential, double layer, and faradaic
currents inside the electrode change during galvanic
discharging, the distribution of potential and the currents
as a function of XM at a specific discharge time was
investigated. Figure 7a–c depicts dimensionless localized
potential, double layer, and faradaic currents inside the
positive electrode for a set of supercapacitors that have
different volume fractions of 5- and 15-nm particles of

Table 1 Model parameters that describe the electrodes and separator

Parameter Value Reference

dRu 15 nm Assumed
dM 5 and 30 nm Assumed
Ε 0.25 Assumed
ɛS 0.7 Pillay and

Newman [38]
L=L+=L− 5×10−3 cm Assumed
LS 2.5×10−3 cm Assumed
hRu 4.0×10−8 cm Pollak and

O’Grady [39]
i0 1×10−5 A cm−2 Assumed
Σ 1×105 S/cm Trasatti and Lodi [40]
κ0 0.8 S/cm Darling [41]
T 298.15 K Assumed
V0 0.5 V (vs. SCE) Assumed
URu (positive electrode) 0.5 (1+θRu)

V (vs. SCE)
Jow and Zheng [3]

UM (positive electrode) 0.5 (1+θM)
V (vs. SCE)

Jow and Zheng [3]

URu (negative electrode) 0.5θRu
V (vs. SCE)

Assumed

UM (negative electrode) 0.5θM
V (vs. SCE)

Assumed

Fig. 4 Discharge curves for a set of pseudocapacitors consisting of
30- and 15-nm RuO2 nanoparticles with i0 ¼ 1� 10�5A cm�2 and h=
0.4 nm at a 0.5 A and b 5 A. XM shows the volume fraction of 30-nm
particles

Table 2 The total available charges in the two series of simulated
pseudocapacitors

XM Ctotal (dM=30 nm) Ctotal (dM=5 nm)

0.00 0.75 0.75
0.25 0.67 1.30
0.50 0.59 1.65
0.75 0.51 1.97
1.00 0.38 2.25
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RuO2 at a current of 5 A and discharging time of 0.025 s. It
should be pointed out that, with @q

@x ¼ 0, it means there will
be no changes of θ inside the electrode. As Fig. 7a
illustrates, dimensionless local potential decreases from
the current collector surface, ξ=0, to the electrode–
electrolyte interface, ξ=1. This behavior is the characteristic
of the discharge process. Furthermore, by increasing the
volume fraction of 5-nm particles, the smaller particles, the
local potential value increases too. This is due to the higher

Fig. 6 Available charge, icellt, versus volume fraction of 30-nm
particles in a composite electrode for a set of pseudocapacitors
consisting of 30- and 15-nm RuO2 nanoparticles with i0 ¼ 1�
10�5A cm�2 and h=0.4 nm at different withdrawing cell current,
which have been shown in the legend. XM shows the volume fraction
of 30-nm particles

Fig. 5 Available charge, icellt, versus volume fraction of 5-nm
particles in a composite electrode for a set of pseudocapacitors
consisting of 5- and 15-nm RuO2 nanoparticles with i0 ¼ 1�
10�5A cm�2 and h=0.4 nm at different withdrawing cell current,
which have been shown in the legend. XM shows the volume fraction
of 5-nm particles

Fig. 7 Distribution of a local potential, b DL current, and c faradaic
current inside the positive electrode for a set of pseudocapacitors
consisting of 5- and 15-nm RuO2 nanoparticles with i0 ¼ 1�
10�5A cm�2 and h=0.4 nm at icell=5 A and td=0.025 s. XM shows
the volume fraction of 5-nm particles
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surface area, and so the larger number of active sites
presents for large XM values. The higher the number of
active sites, the smaller the θ and E changes. Both double
layer charging/discharging and faradaic processes are
surface phenomena, which take place at the interface
between the electrode and electrolyte. For both of them,
more SV gives rise to more currents, but their distribution
inside the electrode will show a different behavior because
of their different dependencies to E (Eqs. 40 and 41).
Figure 7b illustrates the double layer current profile inside
the electrode at various XM values. For all XM’s, it shows a
nonuniform distribution unless XM=0. The nonuniformity
in double layer current distribution depends on double layer
time constant (Eq. 25). A discharge time smaller than the
double layer time constant predicts a nonuniformity
because, in this special case, double layer needs more time
to discharge. However, the faradaic current shows a
nonuniform and exponential trend (Eqs. 6, 7, and 41), as
shown in Fig. 7c. In addition, faradaic currents are larger
than double layer current (around four times). It means that
the faradaic process has a larger contribution in i2 compared
to the double layer charging process under these conditions.

The contributions of the dimensionless faradaic and
double layer discharge currents along with the dimension-
less local potential and at various icell and XM values are
presented in Fig. 8a–d. According to Fig. 8a, the oxidized
fraction of particles decreases by increasing the cell current
and volume fraction of larger particles. In fact, the total
number of available sites for electrodic processes rises by

increasing the volume fraction of smaller nanoparticles. At
constant icell, this is due to increased SV that causes a
smaller fall in the fraction of the sites involved in electrode
processes. Consequently, a smaller deviation is observed in
θ compared to its initial value at a specified and fixed
discharge time. Furthermore, at a constant XM, more sites
get involved in electrodic processes to provide larger
current, and so, θ values decrease sharply. The dimension-
less local potential variation is parallel to θ changes (see

Fig. 8 a Surface coverage,
b local potential, c DL current,
and d faradaic current profiles
on the surface of positive elec-
trode for a set of pseudocapaci-
tors consisting of 5- and 15-nm
RuO2 nanoparticles with i0 ¼
1� 10�5A cm�2 and h=0.4 nm
at different cell current and XM.
XM shows the volume fraction
of 5-nm particles

Fig. 9 Ragone plots for a three pseudocapacitors consisting of 5 and
15 nm RuO2 nanoparticles with i0 ¼ 1� 10�5A cm�2 and h=0.4 nm
and different XM, which have been shown in the legend. XM shows the
volume fraction of 5-nm particles
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Fig. 8b); that is, the less the sites involved, the less the
changes in dimensionless local potential. Figure 8c and d
shows the dimensionless DL and faradaic current variations
on the surface of the electrode with cell current and volume
fraction of 5-nm particles. Dimensionless DL current
decreases by increasing icell for all XM values at icell<1 A,
while dimensionless faradaic current increases and it seems
that a compensation effect is in operation [31]. However,
both DL and faradaic currents rise by increasing the cell
current at icell<1 A. One should remember that, under these
conditions, ohmic drop and kinetic resistance govern the
potential and, consequently, the behavior of the super-
capacitor because electrochemistry cannot provide such
large currents and i1 has, then, a larger contribution in icell
compared to i2.

Figure 9 presents the Ragone plots for three capacitors
having the same i0 and dRu with different volume fractions
of 5-nm-sized particles. Ragone plots present the variation
of energy density with power density for a general power
source, and, in the present study, these quantities are
calculated through:

Energy density ¼ icell8avetd
2Lþ LSð Þ ð44Þ

Power density ¼ icell8ave

2Lþ LSð Þ ð45Þ

8ave ¼
1

td

Z td

0
6celldt ð46Þ

where td is the discharge time and 8ave is the average cell
potential in the course of discharge with L and LS being the
electrode’s and separator’s thicknesses. At first glance, it
seems that both power density and energy density increase
by increasing cell current, but energy density depends on
discharge time too, which decreases by rising the cell
current. The overall effect is that the energy density reduces
with increasing power density. The high-energy side of the
plot corresponds to the faradaic discharge, while the high
power end signifies the double layer discharge behavior. At
a specified power density, increasing the contribution of
large particles decreases the energy density because of the
decreasing the number of available sites for the surface
faradaic reactions 1 and 2.

Conclusion

A mathematical model of a mixed oxide electrochemical
supercapacitor comprising of RuO2·xH2O and MO2·yH2O,
which MO2 represents a metal oxide that shows capacitive

behavior, was developed. Both double layer and faradaic
processes were considered, and the response of the capacitor
under galvanostatic charge/discharge conditions was pre-
dicted. At this part of the study, M was assumed to chemically
behave as Ru, and the effects of particle size distribution and
the volume fractions of differently sized particles in DL and
faradaic currents, discharge behavior, and power and energy
densities of the model capacitor were studied.
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